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ABSTRACT 

This paper d i scusses  a class of compact second o rde r  accu ra t e  f i n i t e  

d i f f e r e n c e  equat ions  f o r  mixed ini t ia l -boundary va lue  problems f o r  hyper- 

b o l i c  and convective-dif  fu s ion  equations. Convergence is proved by 

means of energy arguments and both types  of equat ions  are solved by 

similar algori thms.  

Wendroff method is descr ibed which inco rpora t e s  d i s s i p a t i v e  boundary con- 

d i t i o n s .  

hyperbol ic  l i m i t  of  t h e  convective-diffusion equat ion.  

d i f f e r e n c e  "chain-rule'' transforms the  schemes from rec t angu la r  t o  quad- 

rilateral subdomains. 

For hyperbolic equat ions  an ex tens ion  of t h e  Lax- 

Upwind-downwind d i f fe renc ing  techniques arise as t h e  formal 
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INTRODUCTION 

This  paper d i scusses  a c l a s s  of i m p l i c i t  compact f i n i t e  d i f f e r e n c e  

schemes which treat  mixed ini t ia l -boundary va lue  problems i n  one and two 

space dimensions f o r  both hyperbolic and convect ive-diffusion equat ions.  

The case i n  which t h e  equat ions have cons tan t  c o e f f i c i e n t s  serves t o  

i l l u s t r a t e  most simply the  t h e o r e t i c a l  r e s u l t s  and t h e  a lgo r i thmic  methods, 

many of which could be extended with l i t t l e  more than t e c h n i c a l  complexity 

t o  v a r i a b l e  c o e f f i c i e n t s .  For example, simple arguments e s t a b l i s h  energy 

estimates from which t h e  convergence of t h e  schemes f o r  a l l  f i x e d  va lues  

of r a t i o s  of t i m e  and space mesh parameters immediately fol lows.  

important  r e s u l t  is  t h a t  t he  t runca t ion  e r r o r s  f o r  both schemes a r e  

second-order i n  the  mesh parameters; i n  p a r t i c u l a r ,  t h e  accuracy of t h e  

approximations involved i n  t r e a t i n g  t h e  convect ive-diffusion equat ion are 

independent of t h e  l o c a l  c e l l  Reynolds number. 

Another 

Hyperbolic systems of equations a r i s e  n a t u r a l l y  as t h e  asymptotic 

11 o u t e r  expansion'' connected with convect ive-diffusion equat ions  (e.g. 

Navier-Stokes) and t h e  s e l e c t i o n  of an appropr ia te  c l a s s  of weak-solutions 

of t h e  former t o  descr ibe  shocks, boundary condi t ions ,  etc. ,  must have u l -  

timate re fe rence  t o  t h e  l a t t e r  equations. Two r e l a t e d  numerical  approaches 

t o  hyperbol ic  equat ions  are described here .  

E ~ , E  

v i s c o s i t y  term. 

l i m i t  of t h e  convect ive-diffusion equation. 

t h e  hyperbol ic  problem t o  be t rea ted  i n  i t s  nonconservative,  nonsymmetric form. 

The Appendix desc r ibes  t h e  underlying approximation r a t i o n a l e  f o r  t h e  

schemes and a l s o  exp la ins  t h e i r  r e l a t ionsh ip  t o  conserva t ive  d i f f e rence  forms. 

One employs d i s s i p a t i v e  f a c t o r s  

which modify t h e  nondiss ipa t ive  hyperbol ic  scheme by an a r t i f i c i a l  
Y 

The o ther  t r e a t s  t h e  hyperbol ic  problem as t h e  asymptotic 

Each approach appears  t o  a l low 
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The schemes s h a r e  a common algori thmic s t r u c t u r e .  The physics ,  as 

gene ra l ly  described by conservation l a w s ,  is approximately expressed by a 

"leap-f rog" equation u. n* = F(u.,u, ) i n  which uy = u ( - , t n ) .  The in t e r -  

n-' and the  prescr ibed boundary mediate va lues  u. are determined by u. 

d a t a  a t  t = tn by an operator  P :  Pu. = u. . I n  one-dimension t h e  solu- 

t i o n  of t h i s  a lgeb ra i c  two-point boundary-value problem may be obtained by 

a method due t o  H. B. Keller [ 5 ] ,  [6]. The t reatment  of two-dimensional 

problems can, as w i l l  be shown, be approximated by a l t e r n a t i n g  d i r e c t i o n  

methods which employ t h e s e  one-dimensional techniques.  

n n+ 

n 

n n-3 

un = p-l E-$ For hyperbolic problems t h e  s o l u t i o n  . u. may be approximated 

t o  t h e  same accuracy as t h e  d i f f e r e n c e  scheme by t h e  Lax-Wendroff scheme when 

modified so as t o  include a completion of boundary condi t ions i n  a manner t o  

be descr ibed below. 

A similar e x p l i c i t  approximation t o  the  s o l u t i o n  of t h e  analogous opera- 

t o r  equat ion which arises i n  t h e  case of t he  convective-diffusion equat ion is 

poss ib l e  bu t  is  n o t  descr ibed here .  

diagonal  a lgeb ra i c  system which can be used to  determine 

i n  o rde r  t o  help c l a r i f y  the  r o l e  of a func t ion  

number 8 which arises i n  t h e  primary form of t h e  d i f f e r e n c e  equat ions.  The 

simpler s c a l a r  Troblem i l l u s t r a t e s  a s ingu la r  pe r tu rba t ion  problem as 

181 + Q), t h e  l i m i t i n g  s o l u t i o n  of which s o l v e s  t h e  r e l a t e d  reduced hyperbolic 

problem. For 10 I -f t h e  func t ion  q(0) ac t s  as a switch which reduces 

t h e  above-mentioned t r i d i a g o n a l  system to an upper o r  a lower bidiagonal  

system corresponding t o  an upwind o r  downwind d i f f e r e n c i n g  technique i n  

which one o f  t h e  pa rabo l i c  boundary condi t ions becomes an i n e f f e c t i v e  con- 

s t r a i n t  f o r  t h e  reduced hyperbol ic  problem. 

Rather t h e  d i r e c t  development of a tri- 

n 
u. i s  descr ibed 

q(8) of t h e  c e l l  Reynolds 
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The AD1 a lgori thm which y i e l d s  t he  s o l u t i o n  opera tor  P" f o r  one- 

dimensional hyperbol ic  problems makes e s s e n t i a l  use of a hype rbo l i c i ty  

assumption which prevents  t h e  algorithm from being employed i n  phys i ca l  

problems i n  which, say, a change from subsonic  t o  supersonic  flow occurs .  

N o  such r e s t r i c t i o n  occurs i n  the  corresponding s o l u t i o n  algori thm f o r  

t h e  convect ive-diffusion equat ion,  however. 

Our p r i n c i p a l  desc r ip t ion  of r e s u l t s  p e r t a i n s  t o  r ec t angu la r  compu- 

t a t i o n a l  cells. 

extends t h e s e  r e s u l t s  t o  q u a d r i l a t e r a l  cells .  

I n  Sect ion 1 D  a simple "chain-rule'' is descr ibed which 

1. HYPERBOLIC PROBLEMS 

1A. A Diss ipa t ive  Compact Scheme 

Consider t h e  fol lowing s t r i c t l y  hyperbol ic  mixed in i t ia l -boundary  va lue  

problem f o r  U = (ul, u2, ..., u ) T. . 
r 

(1.1) 

a )  Ut  + AUx + BU = 0, o < x ,  y < 1 ,  O < t ,  
Y 

b) u = uo,  t = 0, 

C) Y u =  g on r ,  

where I' i s  the  boundary of the u n i t  square.  Unless otherwise s t a t e d ,  A and 

B are assumed t o  be symmetric, nonsingular ,  cons tan t  mat r ices  with real eigen- 

va lues  and t h e  boundary operator y t o  be such t h a t  t he  homogeneous boundary 

cond i t ion  yU = 0 r e s u l t s  i n  t h e  d i s s i p a t i v e  boundary condi t ions  

(-l)X+lUTAU 2 0, x = 0 , l  and (-l>Y+lUTBU 0, y = 0 , l .  These cond i t ions  a l low 

a s imple energy-norm estimate t o  be given f o r  t h e  s o l u t i o n .  

Scheme 

We propose t h e  fol lowing compact f i n i t e  d i f f e r e n c e  scheme t o  treat (1.1) 

n -  n 
jk 

( c . f .  Rose [14],  Wendroff [16],  [17 ] ) :  wi th  U. = U 

a )  6, U: + A ~ ~ u : +  B ti U: = o (leap-frog) Y 

n n A t  n 
c )  Ut u. = py u. + E/-* 2 El 6v ". . 
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i n  which E ~ ,  E are non-negative parameters. 
Y 

Both the convergence of t h i s  scheme and i ts  d i s s i p a t i v e  c h a r a c t e r  are 

simple consequences of t h e  fol lowing energy argument: mu l t ip ly  (1.2a) by 

pt(U.) 
n T  and employ (1.2bYc) t o  o b t a i n  

EX'EY are non- 
Summing on the s p a t i a l  i n d i c e s ,  employing t h e  f a c t  t h a t  

nega t ive ,  and r e c a l l i n g  that the boundary condi t ions were a s s u m d  t o  be 

d i s s i p a t i v e  there  r e s u l t s  11 U:II 11 U:ll where 1 1  U y l 1 2  = Z(U:)T(U:) i n  

which t h e  s t r i c t  i n e q u a l i t y  a p p l i e s  un le s s  cX = E = 0. 
Y 

An immediate consequence of t h i s  r e s u l t  is: t h e  s o l u t i o n s  of t h e  

d i f f e r e n c e  scheme (1.2) converge t o  the  s o l u t i o n  of (1.1) as t h e  mesh para- 

meters Ax,Ay,At tend t o  zero f o r  any f i x e d  va lues  of t h e  r a t i o s  

A =At/Ax, X =At/Ay. The scheme i s  nond i s s ipa t ive  when Ex = E = 0.  
X Y Y 

Accuracy 

The accuracy of t h e  scheme (1.2) ,  as ind ica t ed  by a t runca t ion  e r r o r  

estimate, is most e a s i l y  examined as follows: 

se t  

'I = A t / 2 ,  

and observe tha t  (1.2b) r e s u l t s  i n  

c 
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. 

similar r e s u l t s  ob ta in  from ( 1 . 2 ~ ) .  Apply t h e s e  expressions f o r  6 t ~ n  

i n  (1.2a) t o  obtain 

so  t h a t  

o r ,  more compactly, 

S imi l a r ly ,  

C lea r ly ,  

t runca t ion  e r ro r  = -E  TAU^^ + o(T'), 

= -E TBU + 0(-c2), 

X 

Y Y t  

and it is evident  t h a t  t h e  scheme is  second o rde r  accu ra t e  when t h e  d i s -  

s i p a t i v e  terms E ~ , E ~  vanish.  

I n  one dimension B = 0 and Ut = -AUx so  t h a t  t h e  t runca t ion  e r r o r  

2 
E ~ T A  Uxx is  

The d i s s i p a t i v e  energy estimate given earlier,  however, shows d i r e c t l y  t h a t  

which shows a r e l a t i o n s h i p  t o  an a r t i f i c i a l  v i s c o s i t y  term. 

the terms E  TAU^^ and E TBU y i e l d  d i s s i p a t i o n .  
X Y Y t  
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Amplification and Phase Error 

Consider t h e  scalar equation u + au = 0 where a >  0. I n i t i a l  d a t a  

given by uo = exp(i8x) are transformed by (1.2) i n t o  v = p e x p [ i ( B x - + ) ]  

t X 

while  t h e  d i f f e r e n t i a l  equation carries uo i n t o  v '  = exp[iO(x-aAt)] .  

Eq. (1.5) shows t h a t  

+ 
where A- = (l? E ~ ) X ,  X = At/Ax, while 

(1.7) 3 $ ~  = arc tan(aX t a n ( 8 / 2 ) ) .  

Thus ( P I  < 1 f o r  EX > 0, i .e .  (1.2) i s  d i s s i p a t i v e  f o r  EX > 0 .  

For aX = 1, I) = 8. Since tans@ > a t a n $ ,  0 L a  < 1, then I) < 8 

f o r  0 < aX < 1; s i m i l a r l y  $ > 8 f o r  aX > 1. Thus t h e  wave speed 

a s soc ia t ed  with t h e  d i f f e r e n c e  equation is g r e a t e r  o r  less than t h e  wave 

speed of t h e  d i f f e r e n t i a l  equation according as t h e  CFL number is g r e a t e r  

or  less than uni ty .  

I n  t h e  non-scalar case an a n a l y s i s  of t h e  ampl i f i ca t ion  matr ix  

a s soc ia t ed  with (1.2)  y i e l d s  an i n e q u a l i t y  similar t o  (1.6).  This obser- 

v a t i o n  a l s o  i m p l i e s  t he  convergence of t he  scheme (1.2) s i n c e  i t  is, 

c l e a r l y ,  cons i s t en t  with the  d i f f e r e n t i a l  equat ion (1.1). 

1 B .  Solut ion Methods 

W e  s h a l l  f i n d  i t  convenient t o  introduce s e p a r a t e  n o t a t i o n s  f o r  t h e  

values  of U: assoc ia t ed  with t h e  s i d e s  of a computational c e l l  7 1 .  n and 

thus rewrite (1.2) as 

(1.2)'  

. 
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Write 

+ +  
Y 

where T ~ ,  T are given by (1.3). 

The argument which l e d  t o  (1.5) a l lows us  t o  re-express (1.2) as 

a) stuf +  ti vn + ~ 6 ~ $  = o , 
X *  

(1.9) b)  P Vf + T B ~ ~ W :  = Uf-& 
X 9 

c )  P Wn + T A B ~ V Y  = U. n-* 
Y *  

These equat ions l ead  t o  t h e  following: 

Two-step Algorithm 

a )  

V y  , f 
with U e  n-3 given as " i n i t i a l "  cond i t ions ,  solve (Yb,c) f o r  

w i th  t h e  boundary conditions s p e c i f i e d  by ( 1 . 1 ~ )  , then 

b)  s o l v e  t h e  leap-frog equations (1.9a) f o r  U* and r e p e a t  t h e  

procedure f o r  t h e  next  t i m e  s t e p .  

Note t h a t  d i s s i p a t i o n  i s  e f f ec t ed  by simply inc reas ing  t h e  va lue  of 

T i n  s t e p  (a) as (1.3) i nd ica t e s .  

2 
A formal s o l u t i o n  t o  (9b,c) which is  accura t e  t o  O(T ) ,  t h e  same 

as t h e  o r d e r  of accuracy of t h e  d i f f e rence  equat ions (1.9),  is given by 

-1 n-4 V: = Pi'(1- TBG Y Y  P )Ue 

e = P-'(I- 'AsxPx )I!. 
(1.10) 

-1 n-4 
Y 

-1 -1 
The fol lowing discussion w i l l  c l a r i f y  t h a t  t h e  f a c t  t h a t  Px , Py 

may each be obtained as t h e  solut ion of one-dimensional two-point a l g e b r a i c  

boundary va lue  problems. 
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1 C .  The Solut ion Operator P-' 

Consider t h e  one-dimensional problem a r i s i n g  from B = 0 i n  (1.1). The 

d i f f e r e n c e  equations (1.9) then reduce t o  

a) + A& vn = 0, 
X .  

(1.11) 
b) PXVY = u y ,  2 

i n  which t h e  boundary condi t ions (1.1~) are incorporated as, say ,  

YAU(O,y,t) = g(0, t )  and y i U ( l , y , t )  = g ( 1 , t )  i n  which, i f  A has  

e igenvalues  and kA 

Equation (1 . l l b )  together  with these  boundary condi t ions may be m i t t e n  

i n  t h e  form 

+ 
- - + +  - 

negat ive eigenvalues,  then rank yA = kA, rank yA = kA. 

Y+U;t = g ( o , t n ) ,  

(1.12) 

the s o l u t i o n  of which, as an a lgeb ra i c  two-point boundary value problem, 

has been described by H. B. Keller [SI ,  [6]  i n  terms of a block-tr idiagonal  

systems of equations ( c . f .  deBoor and Weiss [ 2 ] ,  L e n t i n i  and Pereyra [ 9 ] ) .  

A n  e x p l i c i t  approximation t o  Pi1 may a l s o  be given i n  terms of t h e  

Lax-Wendroff method which, i f  

(1.13) 

is  given by 
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(1.14) 
6tUn + A6 X V y  = 0 ,  

V y  = QxU. n-+ 

f o r  t h e  i n i t i a l  va lue  problem f o r  Ut  + AUx = 0. 

Wendroff scheme is  d i s s i p a t i v e  ( [ l l ] ) .  

W e  r e c a l l  t h a t  .the Lax-. 

= 0, so t h a t  
EX 

Consider (1.11) i n  t h e  nondiss ipa t ive  case 

and observe t h a t ,  formally,  

(1.16) 2 2 2  2 = I t - Ax (I- X A )6x, 
QXPX 4 X 

where Ax = At/Ax. Mult iplying (1 . l lb )  by Q,  and inco rpora t ing  t h e  

boundary cond i t ions  

a )  

b) (1.17) 

( 1 . 1 ~ )  t h e r e  r e s u l t s  t h e  equiva len t  system 

n n 
0 Equations (1.17a,c) may be solved for V and VM with  t h e  r e s u l t 9  

say  Y 
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(1.18) 

Next, as is most  e a s i l y  v e r i f i e d  by consider ing t h e  case i n  which A is  

expressed i n  diagonal  form, f o r  lAxAl 1 t h e  s o l u t i o n  of (1.17b) may 

be approximated with second order accuracy by 

(1.19) k=1,2, ..., M-1, 

fo l lowing which t h e  boundary va lues  V:, V i  can be  obtained from (1.18). 
P. 

L e t  n i n d i c a t e  t h e  operator  Q, extended s o  as t o  i n c l i d e  the --x 

boundary values determined by (1.18). Then t h e  extended Lax-Wendroff 

approximation t o  P is  described by -1 
X 

(1.20) 
6,U: + A6xV: = 0, 

Recall ing earlier remarks we  conclude: t h e  s o l u t i o n  of (1.11) i n  the  

2 nond i s s ipa t ive  case can be approximated t o  O(r ) by the  extended Lax- 

Wendrof f operator Gx i f  A x  = At/Ax is  r e s t r i c t e d  by t h e  CFL condi t ion 

lAxA I 1; however, t h e  r e s u l t i n g  approximation t o  (1.11) w i l l  be d i s s i p a t i v e .  

By employing P-' - A P-' 2 i n  (1.10),  combining with (1.9a),  
X - Q,, Y QY 

3 and omi t t i ng  terms of O(T ) t h e  two-dimensional form of t h e  Lax-Wendroff 

scheme r e s u l t s  (now general ized t o  incorporate  boundary cond i t ions ) .  
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1D. Difference Equations on 
Quadr i l a t e ra l  C e l l s  - a Transformation Rule 

A s imple f i n i t e  d i f f e r e n c e  analogue of t h e  d i f f e r e n t i a l  cha in  r u l e  can 

be given which al lows t h e  compact d i f f e rence  scheme which has  been descr ibed 

f o r  r ec t angu la r  computational c e l l s  t o  be appl ied  on q u a d r i l a t e r a l  o r  tri- 

angular  cells. The t ransformation does not  a f f e c t  t h e  accuracy of t h e  

d i f f e r e n c e  scheme. 

A s s u m e  t h a t  t h e  underlying domain D i s  p a r t i t i o n e d  i n t o  q u a d r i l a t e r a l  

subdomains; a t y p i c a l  such ce l l  

Q, and Q, is  ind ica t ed  i n  Figure 1. 

whose v e r t i c e s  are t h e  p o i n t s  Q,, Q2, 

Q4 

/ 

I 
Figure 1. Local ce l l  coordinates  (< , r l>  i n  t he  c e l l  6. 
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* - -  
The area of T is W(G)  = &(Q1Q3 X Q4Q2). A s  i nd ica t ed  i n  t h e  

f i g u r e  t h e  points  PI, Pz, P3, and P4 are t h e  midpoints of t h e  s i d e s  of 

7~ and Po i s  the p o i n t  of i n t e r s e c t i o n  of P1P3 and P2P4. 
h 

The (x,y) coordinates  of t h e  p o i n t s  Pi w i l l  be denoted by 

(xi,yi), i=O,1,2,3,4. With Po as cen te r  i n t roduce  new coordinates  

6 = c ( x , y ) ,  q = q(x ,y )  

r e s p e c t  t o  which w e  may a l s o  write 

with axes as ind ica t ed  i n  Figure 1 and with 

P i =  P(ci  vi), i=0 ,1 , . . . y4 ,  w i th  5, = r), = 0.  
Y 

W e  employ the fol lowing n o t a t i o n s  for c e n t r a l  d i f f e r e n c e  and averaging 

operators :  

(1.21) 

We a l s o  set 

(1.22) 

where 

(1.23) 

Thus 

def A y 
J E(' 

-A x 
r) 
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(1.24) 
J -1 = (:'I zzi) 

r7 

gx = E W e  s h a l l  now show t h a t ,  when = 0, t h e  d i f f e r e n c e  equat ions 

(1.2) which provides  a second-order accu ra t e  approximation t o  (1.1) f o r  a 

r ec t angu la r  g r i d  may be expressed in  terms of va lues  a t  t h e  p o i n t s  

Po, P1, ..., P4 

Y 

of t h e  q u a d r i l a t e r a l  by 

(1.25) 

Comparing (1.25a) wi th  (1.2) we see t h a t  t h e  t ransformation between t h e  

r ec t angu la r  and q u a d r i l a t e r a l s  c e l l s  is given by t h e  "chain ru l e"  

(1.26) (:x) = J (1') . 
Y n 

The v e r i f i c a t i o n  of t h i s  result depends upon t h e  same argument as 

t h a t  which l eads  t o  (1.2) i n  t h e  case of rec tangular  cells and which is  

descr ibed i n  t h e  Appendix. 

of t h e  d i f f e r e n t i a l  equat ion (1.1) i n  t h e  q u a d r i l a t e r a l  ce l l  T f o r  

I t - tnl < At/2 is given by 

We f i r s t  observe t h a t  a simple c l a s s  of s o l u t i o n s  
* 

where 2, b, 
mation i n  T. The p o i n t s  (P,,t,), i = 1, 2 ,  3, 4 and t h e  p o i n t s  (Po, tn+) 

are a r b i t r a r y  vector parameters a s soc ia t ed  with t h e  approxi- 

h 
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and (Po, tne) 

[kx ( 1  t - t 1 < A t / 2 > 1 .  n 

are c e n t e r  p o i n t s  of t h e  f a c e s  of t h e  c y l i n d e r  set 

7- -1ence 

u(Pi , tn)  = a + (xi- xo)b + (yi- Y,>C i=1,2,3,4.  

The r e s u l t  of e l imina t ing  t h e  parameters 

i s  j u s t  (1.25). 

2, b, c from t h e s e  expressions 

Equations (1.25) may a l s o  be  expressed (by t h e  argument which l e d  t o  

(1;s)) by 

Observing t h a t  

A 

t he  second order accuracy of t h e  approximation on T i s  immediately apparent.  

1 E .  Numerical E q e r i m e n t s  

This s ec t ion  r e p o r t s  on a number of numerical experiments which were con- 

ducted t o  v a l i d a t e  t h e  theory descr ibed above. 

f o r  c e r t a i n  Riemann problems i n d i c a t e s  t h a t  t h e  scheme (1.2) may be  extended 

t o  nonl inear  problems i n  which A and B need no t  be symmetric. A l l  of t h e  

methods reported upon employed the  cons t ruc t ion  of P i n d i c a t e d  by (1.12). 

The numerical  r e s u l t s  given 

-1 
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Experiment 1.1 

0 -1 The equat ion Ut + AUx + BU = 0 with A = , B = (-1 o)  was Y 
solved us ing  (1.2) wi th  t h e  i n i t i a l  condi t ion  

cos x + cos y 

cos x + cos y ) ’  U(X,Y,O) = 

with boundary condi t ions  

+ 
ul(x,O,t)  = YBU(X,O,t) = cos(x+ t )  + c o s ( t ) ,  

u 2 ( x , l , t )  = Q ( x , l , t )  = cos(x- t )  + c o s ( l +  t ) .  

The a n a l y t i c  s o l u t i o n  i s  

Table I 

L cos (x+  t )  + cos (y+  t) 
- - 1  

\ cos (x -  t )  + cos (y+  t> /  

l l u s t r a t e s  t h e  max mum value  of t h e  e r r o r s  f o r  t h e  components 

of U = (u ,u ). These r e s u l t s  show t h e  quadra t i c  convergence expected. 

Mi tche l l  ( c . f . [ l O ] ,  Table 10, p. 189) descr ibes  experimental  r e s u l t s  f o r  

t h i s  equat ion employing an AD1 method and the  Lax-Wendroff method i n  which 

both  components of t he  s o l u t i o n  were s p e c i f i e d  a t  t h e  boundary. H i s  r e s u l t s  

appear  t o  be considerably more accurate  than those  repor ted  here ,  a f a c t ,  we 

b e l i e v e ,  which is  due t o  h i s  employing boundary d a t a  given by the  a n a l y t i c a l  

s o l u t i o n .  This  example emphasizes t h e  important i n f luence  the  t reatment  of 

boundary cond i t ions  can have upon so lu t ion  methods. 

1 2  
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Table I 

parameter values number of 
t i m e  s t e p s  maximum e r r o r s  

2 U u1 

~ - ~~~~ ~~ 

a) Ax = Ay = 0 . 1  10 0.386 x lo-' 0.377 x 10-1 

A t  = 0.1 20 0.233 x lo-1 0.226 x lo-1 
40 0.378 x 10-1 0.370 x 10-1 

b)  Ax = Ay = 0.05 10 0.160 X 10-1 0.160 X 10-1 

A t  = 0.05 20 0.190 x 10-1 0.188 x 10-1 
40 0.114 x lo-' 0.113 x 10-1 

Experiment 1 . 2  

Equations (1.9) are a l s o  equ iva len t  

(1.28) 

c )  GtUn + A6xVY + 

Employing (1.28b) , then 

(1.29) 

t o  t h e  system of equat ions 

Bb w" = 0 .  
Y *  

s o  t h a t  (1.28a) i s  equ iva len t ,  when cX = E = 0 ,  to 
Y 

(1.30) [( 1 + (-)B) A t  Ux + T A ~ ~ ] V ~ ~  = ":J" + ay A t  €3 
AY 

. 

For s c a l a r  equa t ions  (1.28b, c) and (1.30) permit t h e  s o l u t i o n  t o  be 

e x p l i c i t l y  determined s i n c e ,  i f  e, j-3 
from (1.30) and 

from ( 1 . 2 8 ~ ) .  

is  known, Vn may be determined 

from (1.28b), from which U. n d s j  i s  then determined 
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Table I1 desc r ibes  numerical r e s u l t s  employing t h i s  scheme f o r  t he  

s c a l a r  equat ion ut + ux + 2u = 0 with the  i n i t i a l  and boundary condi- 

t ions  

Y 

u(x,y,O) = cosx  + c o s y  9 t - 0  

u(O,y,t)  = cos t + cos(y-  2 t ) ,  

u(x,O,t)  = cos(x- t )  + cos 2 t  , 

t he  a n a l y t i c  s o l u t i o n  of which is  u = c o s ( x - t )  + cos (y -  2 t ) .  

Table I1 

parameter va lues  number of maximum e r r o r  
time s t e p s  

a )  Ax = Ay = 0.1  10 

A t  = 0.1 20 
40 

b) Ax = Ay = 0.05 10 

A t  = 0.05 20 
40 

c )  Ax = Ay = 0.1  10 

A t  = 0.2 20 
40 

0.7 x lom2 
0.545 X 

0.465 x 

0.215 x 

0.173 x 

0.135 x 

0.301 X 10-1 

0.229 x lo-1 
0.205 x lo-1 

d) Ax = Ay = 0.05 10 0.766 x 

A t  = 0.1 20 0.709 x 

40 0.514 x 
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Experiment 1 .3  

Under s u i t a b l e  boundary cond i t ions  (1.1) may have a s t e a d y - s t a t e  

s o l u t i o n  which may be c a l c u l a t e d  from (1.2) by l e t t i n g  n -+ 00. According t o  

(1.2) t he  d i f f e rence  equat ions 

(1.31) 
AGxVij + B6 Y W i j  = 0 ,  

may be expected t o  desc r ibe  t h e  s t eady- s t a t e  s o l u t i o n  more d i r e c t l y .  

Employing (1.29) i n  (1.31a) w e  see t h a t  (1.31) i s  equ iva len t  t o  t h e  system 

(1.31) ’ 
- uxvij - uxwij. 

For s c a l a r  problems, t h e s e  equat ions y i e l d  the s t eady- s t a t e  s o l u t i o n  i n  

an e x p l i c i t  manner. 

Table I11 i l l u s t r a t e s  t h e  r e s u l t s  of employing (1.31)’ t o  t reat  t h e  

scalar equation ut + aux + bu = 0 with t h e  boundary cond i t ions  

u(O,y,t)  = e-(-y/b), u(x,O,t)  = exp(x/a) which are a s so ica t ed  with t h e  

s t eady- s t a t e  s o l u t i o n  u(x,y)  = e x p ( x / a - y / b ) .  

Y 

Table I11 

parameter va lues  maximum e r r o r  

~~ 

a=b=l;  Ax = Ay = 0.1 0.307 x 

0.808 X 

a=l,b=2; Ax = Ay = 0 .1  0.123 X 

Ax = by = 0.05 0.332 X 

Ax = Ay = 0.05 
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The las t  two examples i l l u s t r a t e  numerical  t rea tments  which are 

poss ib l e  f o r  t he  s c a l a r  equat ion bu t  which cannot be d i r e c t l y  app l i ed  t o  

systems of equat ions.  However, they suggest  t h a t  a s u i t a b l e  ex ten t ion  of 

t h e s e  methods may a l s o  be adapted t o  treat systems of equat ions.  

Experiment 1.4:  Riemann Problems 

For nonl inear  one-dimensional problems, A = A(U) and it i s  n a t u r a l  

t o  apply (1.2) i n  which t h e  c o e f f i c i e n t  A is  determined by pxA(U.)  or 

A(pxUe). 

may be expected t h a t  t h e  d i s s i p a t i v e  scheme w i l l  converge t o  t h e  phys ica l  

weak s o l u t i o n  of t he  nonl inear  conservation sys t em 

The r e l a t i o n s h i p  of (1.2) t o  this  conservat ion equat ion is descr ibed  i n  

n 

n Because (1.2) is  equivalent  t o  an a r t i f i c i a l  v i s c o s i t y  method i t  

Ut + Fx(U) = 0 ([U.]). 

t h e  Appendix. 

I n  one-dimension t h e  nonconservation form of t h e  Euler equat ions  

f o r  i n v i s c i d  f l u i d  flow is described by 

Ut + AUx = 0, 

where U = (p ,u,p) '  (p = dens i ty ,  u = v e l o c i t y ,  p = pressure)  and 

(1.32) 

(Y = 1.4) .  

The r e s u l t s  of s e v e r a l  numerical experiments with Riemann problems 

employing t h e  two-step method w i l l  be presented here .  

Figure 2 i l lustrates  t h e  numerical d e n s i t y  p r o f i l e  of a shock t r a v e l i n g  

t o  t h e  r i g h t  with speed 0.979 which r e s u l t s  from t h e  i n i t i a l  cond i t ions  
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p = 0.313 

u = 0 .3  

p = 0.166 

0.219 

0.0 

0 . 1  

The ind ica t ed  values  of p and u on t h e  l e f t  and p on t h e  r i g h t  w e r e  

used t o  supply boundary condtions.  

E = 0.15 and Ax = .01. The value X = 1.04 i n  Figure 2a approximates 

The d i s s i p a t i o n  f a c t o r  i n  (1.2) w a s  

p = 1.0 

u = 0.0 

p = 1.0 

the  s i t u a t i o n  i n  which t h e  average value of t h e  CFL numbers before  and 

a f t e r  t h e  shock w a s  1. The smoothness of t h e  t r a n s i t i o n  ac ross  t h e  shock 

and t h e  f a i r l y  accu ra t e  t r ack ing  of t h e  c o r r e c t  shock p o s i t i o n  ( ind ica t ed  

by t h e  v e r t i c a l  l i n e )  are evident .  Figure 2b i l l u s t r a t e s  t h e  r e s u l t  of 

i nc reas ing  the CFL number on both s i d e s  of t he  shock ( X = 1.3) while  i n  

Figure 2c t h e  average CFL number w a s  reduced ( A = 0.7) .  The pos t  shock 

o s c i l l a t i o n  when A = 1 . 3  and t h e  preshock o s c i l l a t i o n  when X = 0 .7  

which w a s  evident i n  the  f i g u r e s  may be i n t e r p r e t e d  as t h e  in f luence  of 

t h e  CFL number on t h e  wave v e l o c i t y  as discussed i n  1 A .  

Figure 3 i l l u s t r a t e s  t h e  p,  u,  p p r o f i l e s  r e s u l t i n g  from t h e  i n i t i a l  

cond i t ions  

0.125 

0.0 

0.125 

The a n a l y t i c a l  s o l u t i o n ,  represented i n  t h e  f i g u r e s  by t h e  continuous l i n e ,  

y i e l d s  a shock wi th  speed 1.822 and a con tac t  with speed 0.878. The calcu- 

l a t e d  va lues  a t  t i m e  = 2.4 with 

of E = .125X yielded f a i r l y  good agreement with t h e  exact  s o l u t i o n .  

The relative e r r o r  of t h e  shock speed w a s  es t imated t o  be 3% and t h e  r e l a t i v e  

Ax = 0.1, X = 0.6, and a d i s s i p a t i o n  f a c t o r  

-1 
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e r r o r  of t h e  t o t a l  energy w a s  ca lcu la ted  t o  be 0.3%. The va lue  h = 0.6 

chosen r e s u l t s  i n  an average CFL number = 1 through t h e  shock zone. I n  t h i s  

experiment t h e  ma t r ix  A i n  (1.2) was est imated by Ai = P,A(Ui). 
n n 

I n  both of t h e  above experiments t he  d i s s a p a t i v e  f a c t o r  E: w a s  kept  

cons tan t  f o r  a l l  s p a t i a l  po in ts .  

p re fe rab le  t o  have chosen E: t o  be independent of 1.) 

( A s  noted by a reviewer,  i t  would have been 



-22- 

0 O a -  
4 0  
\ -  
4 4  

II II 
x . i  a 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

X 
X 

x 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

0 
=r 

m 
m 

0 
m 

0 cu 

m 
4 

0 
4 

Lo 
0 

0 

n 
N 

I 4  

a, 
2 
2 

g 

m 

m 

rl 
u 
(d 
l-i 
l-i 
rl 
U m 
0 

W 

% 
0 c 
v) 

I 
U m 
0 a 
a 
$ 
I 
a, 
k a 
C 
0 a 
7 

OHtf 



-23- 

k 
al 

A s o  
-lM 
\ -  
(- - I+  

II II 
x 2 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

X 
X 

v 
X 

X 
X 

X 
X 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
\x 
X 
X 
X 
X 

. . . . . . 

0 m 

L(> 
=r . 
0 
=r . 
m 
M 

0 
m . 

. 
0 cu . 
Lo 
4 . 
0 
w 

Lo 
0 . 

0 

al 
5 
w 
0 

al 
h k  

n 
N 

al 
&I 
7 eo 
d 
E4 

OHtJ 



-24- 

A 25 
4 0  
\ A  
4 -  

II II 

x x  a 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
x 
X 
X 
X 
X 
X 
X 
X 
X 

X 
X 

X 
X 

X 

X 
A 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

I X 
X I 

0 
m 

In 
ZP 

0 
9 

m 
m 

0 
03 

0 cu 

0 
4 

In 
0 

n 
N 

rl 

a 
El 
5 

E 

cn 

# 

d 
L, 
cd 
rl 
rl 
.rl 
U 
# 
0 

W 

5 
fi 
0 

I 
U 
# 
0 a 
a 
3 
1 a 
$4 a 

El a 
3 



-25- 

co 

M 

N 

- x  

0 

4 

I 

N 
I 

M 
I 

.m 

2 
G 

9 
i! 

rl 

k a 
G 

d 
p: 
a 
w 
0 

C 
0 
-4 
U 
3 
rl 
0 
v) 

u 
U a 
$ 

9 
a 

rl 
a 
U 
d 
k 

4 
C 
a, 
5 
w 
0 

v) 
d 
k a a 

U 

4 

i m 
a, 
&I 
3 
bo 
d 
k 

OHtJ 



-26- 

X 
X 

M 

N 

- x  

0 

d 

I 

M 
I P m 

Q) 
k 
3 
M 
.rl 
ih 

n 



-27- 

n 

v) 

N 

0 

4 
I 

cu 
I 

m 
I 

al 
k 
1 
M 
rl 
rxl 

0 I 

h 
N 

rl 

al 

8 
5 
CA 

M 
m 
w 
0 

k 
0 
k 
k 
al 

v 

$ 
st4 

U 
(d 
d 
0) 
k 
(d 

VJ 
u 
rl 

s x 
al 

a 
al 
al a 
m 

2 

d 
% 

5 

0 

al 



-28- 

2. CONVECTIVE-DIFFUSION EQUATIONS 

2A. A Compact Scheme 

The s c a l a r  convect ive-diffusion equat ion 

2 u + aux + bu - vV u = 0 ,  
t Y (2 1 )  

desc r ibes  the  t r a n s p o r t  and d i f f u s i o n  of v o r t i c i t y  i n  two-dimensional, 

incompressible,  v i scous  f low and serves as a model f o r  t h e  more gene ra l  

Navier-Stokes equat ions.  W e  s h a l l  l i m i t  our d i scuss ion  t o  t h e  s c a l a r  

problem p a r t l y  f o r  expos i tory  purposes and p a r t l y  because the  modi f ica t ion  

requi red  t o  t r e a t  c e r t a i n  types  of systems of equat ions  can be r e a d i l y  

descr ibed  i n  t e r m s  of t he  s c a l a r  r e s u l t s .  

The dimensionless parameters €Ix = aAx/2v, 8 = bAy/2v p lay  an important 
Y 

r o l e  i n  d iscuss ing  f i n i t e  d i f f e r e n c e  schemes f o r  (2 .1) .  Borrowing from 

f l u i d  dynamics a p p l i c a t i o n s  of (2.11, lexl and leyl are t h e  l o c a l  c e l l  

Reynolds numbers a s soc ia t ed  wi th  each dimension. The func t ion  

w i l l  p lay  a fundamental r o l e  i n  our development and f o r  which t h e  fol lowing 

approximations a r e  use fu l :  wi th  sgn 8 = e /  18 I, 

( 2 . 3 )  
i i )  q(e) = s q n e  - e-l, e l a rge .  
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F i n a l l y ,  we write 

Now write (2.1) as t h e  s y s t e m  

(2.1) ' 

u + au  + bu - (v,+wy) = 0, 
t X Y 

u - v = o ,  
X 

u - w =  0. Y 

The o r i g i n  of t h e  fol lowing compact scheme is descr ibed i n  t h e  Appendix: 

(2.5) 

A proof of t he  convergence of t h i s  scheme aga in  fol lows by an  energy 

argument which w e  desc r ibe  i n  one dimension. Omitting i n d i c e s ,  f o r  Ax -+ 0 

w e  nay neglec t  ix i n  ( 2 . 5 ~ )  so t h a t  i f  (2.5a) is  mul t ip l i ed  by utu t h e r e  

r e s u l t s  a f t e r  employing (2.5b,c) 0 = & 

Summing on the  implied s p a t i a l  index and assuming homogeneous boundary condi- 

t i o n s  f o r  u the re  r e s u l t s  11 unll 5 11 uoII where 11 = I(unI2Ax and i n  

which t h e  str ict  i n e q u a l i t y  holds  unless u = const .  Thus (2.5) is  d i s s i p a -  

tive. The r e s u l t  implies  t h a t  u, converges t o  t h e  s o l u t i o n  of (2.1) f o r  

any f ixed  value of t h e  mesh r a t i o  

2 2 + v(pXv) + 6x(; u -Vuv). 

n 

Ax = At/Ax. 

Arguments similar t o  t h a t  employed i n  P a r t  1 f o r  t h e  hyperbol ic  problem 

l e a d  t o  the  following: 
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Two-step Procedure 

i )  e l imina te  u. ** i n  (2.5aYb) t o  ob ta in ,  wi th  T = At/2, 

( ~ , + ' r a 6 ~ + ~ b 6  )u. n - V T ~ ~ V ,  n - v ~ 6  w. n = U. n-3 , 
Y Y 

(1-1 + T a s x + ~ b 6  )u: - V T ~ ~ V ~  - V T ~  wy = u. n-8 , 
Y Y Y 

which, wi th  ( 2 . 5 ~ )  l eads  t o  an i m p l i c i t  system of equat ions  which, wi th  

boundary condi t ions  f o r  u. spec i f i ed ,  determines u., v., w.. n n n n  

n* is  then  i i )  wi th  t h e  s o l u t i o n  (u., v., w.) so determined, u. n n n  

obtained from t h e  l eap f rog  equation (2.5a) o r  from (2.5b). 

2B. Solut ion Methods 

The first of t h e  two-step so lu t ion  method descr ibed  above r e q u i r e s  t h e  

s o l u t i o n  of an i m p l i c i t  system of equat ions.  W e  s h a l l  h e r e  examine several 

approaches to  t h i s  problem. 

(i) An AD1 Method 

The system under d iscuss ion  is descr ibed (2.6) and ( 2 . 5 ~ ) .  A 

more compact d e s c r i p t i o n  of t hese  equat ions  can be given which shows the 

c l o s e  r e l a t i o n s h i p  t o  t h e  hyperbolic case. L e t  

Y P (T) 5 
Y 

and 
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Y dEf (b6y 0 -vdy) 0 * 

Then t h e  system (2.6) and ( 2 . 5 ~ )  is  descr ibed by 

As i n  the  hyperbol ic  case t h e  so lu t ion ,  t o  terms of second order  i n  T, 

can be obtained from 

( uI) = P;'(T) (I - rRyPil(T) 

v. 

-1 i n  which t h e  so lu t ions  represented  by P-' P can be obtained by Keller's 

method f o r  a lgeb ra i c  two-point boundary va lue  problems. 
x '  Y 

A discuss ion  of t he  t runca t ion  e r r o r  f o r  (2.5) fol lows arguments s i m i l a r  

t o  those f o r  t h e  hyperbol ic  problem. 

l e d  t o  (2 .7 ) ;  by e l i n i n a t i n g  u. n-8 ins tead  t h e r e  r e s u l t s  

The e l imina t ion  of u. n* i n  (2.5) 
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It then fol lows t h a t  

The t runca t ion  e r r o r  as est imated from these  expressions is  

i s  independent of ex, Ry. 

O(At2) and 

i i )  A More E f f i c i e n t  Method 

The s o l u t i o n  of (2.8) involves t h e  s o l u t i o n  of one-dimensional 

problems of the  form 

n n n n T  
where P = (Px,Py) and, accordingly,  U. = (U:,V;)~ o r  U. = (u,,w.) . 

Keller's method appl ied  t o  (2.9) e x p l o i t s  t h e  f a c t  t h a t  t h e  system wi th  

i ts  assoc ia ted  boundary condi t ions can be w r i t t e n  as a block t r i d i a g o n a l  

system of equat ions and solved zcccrdingly.  

s o l u t i o n  f o r  t h e  scalar component u. of U: can i t s e l f  be obtained as t h e  

s o l u t i o n  of a scalar t r id i agona l  system and from which v. or  w: can then 

We s h a l l  now show t h a t  t h e  

n 

n 

e a s i l y  be obtained. 
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For t h e  hyperbolic l i m i t  

b id iagonal  system which desc r ibes  an upwind or  downwind d i f f e r e n c i n g  

method f o r  u. depending upon s g n a .  The s o l u t i o n  method thus  no t  

only reduces the complexity of t h e  computation of 

n a t e s  an aspect  of f l u x - s p l i t t i n g  methods which have been employed f o r  

hyperbol ic  equations ( c . f .  S teger  and Warming [15], van Leer [ 7 ] ) .  

(v -+ 0) t h i s  t r i d i a g o n a l  system reduces t o  a 

n 

U: but  a l s o  i l lumi-  

The d e t a i l s  of t h i s  reduct ion  are: t h e  equat ion 

Px(;!) = (:) 9 

n n n 
i?*' 12% V .  i n  a c e l l .  Solving f o r  v. i n  terms involves  t h e  values u 

of uy y i e l d s  

(2.10) 

where q, = q(Ox), Ax = At/Ax, and 

n S e t t i n g  k = i+& and equat ing  t h e  r ep resen ta t ions  f o r  v. given above t h e r e  

r e s u l t s  
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n This t r i d i a g o n a l  system may be e f f i c i e n t l y  solved f o r  u. when 

boundary values  f o r  u. are prescribed. For lex] + co k -+ 0 and 

q -+ sgn a s o  t h a t  (2.11) r e s u l t s  i n  

n 
X 

(2.12) 

This may be solved by forward marching when 

when a < 0. Equation (2.12) e x h i b i t s  a f a m i l i a r  r e s u l t  f o r  s i n g u l a r  per turba-  

t i o n  problems: i n  t h i s  case, f o r  u + 0, one boundary condi t ion is i n e f f e c t i v e  

f o r  t h e  l i m i t i n g  problem. 

a > 0 and by backward marching 

The preceding d i scuss ion  may be extended t o  systems of equat ions i f  

-1 a can be w r i t t e n  a = T c1 T where T is nonsingular and ci is a real 

d i agona l  matrix. I n  t h i s  case 

and e x p l i c i t  u2wind-downwind forms similar  t o  (2.12)  again r e s u l t  i f  

c h a r a c t e r i s t i c  v a r i a b l e s  are ercployed. 

2C. A More General Problem 

Because of i ts formal s i m i l a r i t y  t o  t h e  Navier-Stokes equat ion i t  is 

worth examining t h e  modifications r equ i r ed  t o  treat t h e  more gene ra l  equat ion 

u + aux + bu - (cuxx+2du + e u  ) = 0, 
t Y XY YY 

(2.13) 

2 where ce 2 d . 
We now de f ine  

- - ex = c l a~x12 ,  0 = e 'bAy/2, 
Y 

(2.14) 
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and 

(2.15) 

-1 -1 r ( e )  = 9 - ( s inh  0 )  

= 8 1 6 ,  0 small 

= e  0 l a rge .  -1 

The approximation (described i n  t h e  Appendix) which l e d  t o  (2.5) 

i n  the  case of eq. (2.1) now l eads  t o  

(2.16) 

n (dSx+ eSy)u. = (11 - 4̂  6 )w: + i ? ( S  ) S  v: , 
Y Y Y  Y Y  

A Ax 
i n  which w e  have set q(OX) = 7 cq(BX)c-l  , i ( eY)  = e q  (ey)e-l ,  
* Ax -1 
r (ex )  = - d r  (BX)c , and ;(0 ) = d r  ( e  )e-'. 

2 Y Y 

The two-step scheme descr ibed f o r  (2.5) aga in  a p p l i e s  f o r  (2.16) i f  t h e  

ope ra to r s  Rx and R are s u i t a b l y  modified. In  p a r t i c u l a r ,  Px and P 

n 
a r e  unchanged so  t h a t  t h e  s o l u t i o n  u. i s  aga in  determined by an equat ion 

of t h e  form ( 2 . 1 1 ) .  Thus t h e  occurrence of t h e  mixed d e r i v a t i v e  t e r m  u 

i n  (2.13) simply leads  t o  added coupling terms i n  ( 2 . 1 6 ~ ) .  

Y Y 

XY 

The fact  t h a t  t h e  c o e f f i c i e n t  matrices c y  d ,  e which occur i n  t h e  

Navier-Stokes equat ions are s ingu la r  prevents  a d i r e c t  ex ten t ion  of t hese  

r e s u l t s  t o  t h i s  important problem. The p resen t  d i scuss ion  suggests  t he  type 

of r e s u l t  which may be expected, however. 
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- AX 

2D. Numerical Experiments 

= 0.5 x = 1.0 x = 2.0 

Experiment 2.1 

The s o l u t i o n  u = cos (x - t ) exp( -v t )  of ut + ux - vu = 0 w a s  

computed a t  t = 47~ f o r  v = 10 and t h e  va lues  Ax = 7r/20, 7r/40, 7~/80. 
xx 

-2 

. r r / 2 ~  

~ / 4 0  

n/80 

The L1 norm of the  numerical e r ro r s  a s  a func t ion  of X = At/Ax are 

given i n  t h e  Table I V .  

Table I V  

1 .7  x 0.5 x 9.3 x 

0.3 x 0.27 x 2.5 x 

0.8 x 0.07 x 0.6 

The r e s u l t s  confirm t h e  a s s e r t i o n  made earlier t h a t  (2.5) is  second order  

accurate. S i m i l a r  r e s u l t s  w e r e  obtained us ing  t h e  L2 norm. 

Figure 4 i n d i c a t e s  s teady-state  boundary l a y e r  p r o f i l e s  ( t  = 10) 

f o r  u + ux - vuxx = 0 wi th  boundary cond i t ions  u(0)  = 1, u(1) = 0 and 

i n i t i a l  condi t ion  u(x,O) = (1-x); (2.5) w a s  employed with Ax = 1/20  and 

t 

X = 1. The exac t  s o l u t i o n  is  indica ted  by t h e  s o l i d  curves. The numerical  

r e s u l t s  i n d i c a t e  f a i r l y  c l o s e  agreement wi th  t h e  exac t  s o l u t i o n  i n  t h e  

neighborhood of x = 1 f o r  var ious va lues  of V, t he  agreement being w i t h i n  

t h e  range predic ted  by t h e  theory both i n s i d e  and ou t s ide  of t h e  boundary l a y e r .  

Experiment 2.2 - Burger 's  Equation 

2 
xx F igure  5 descr ibes  r e s u l t s  for  Burger 's  equat ion u + (u /2)x = vu t 

-2 

a t  t i m e  t = 1.0  with Ax = 1/50 and X = 1.0; t he  v e r t i c a l  l i n e  in- 

wi th  u(x,O) = 1 f o r  x < 0.5 and u(x,O) = 0 f o r  x > 0.5 f o r  v = 10 , 

d i c a t e s  t h e  p o s i t i o n  of t he  shock f o r  t h e  l i m i t i n g  va lue  v = 0. 
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,= Figure  6 i l l u s t r a t e s  t he  s o l u t i o n  of Burger’s equat ion  a t  t i m e  
,’ 

/- - 
- , t = 2.0 (s teady-state)  with boundary condi t ion  u(0) = 1, u(1) = -1 

and i n i t i a l  condi t ion u(x,O) = 1- 2x. The maximum va lue  of t h e  l o c a l  

c e l l  Reynolds number w a s  Rc = 112.23. 

Experiment 2.3 

The two s t e p  s o l u t i o n  method (2.8) and (2.5a) w a s  employed t o  calcu- 

2 
l a te  the s teady-state  s o l u t i o n  of u + 2ux + u - VV u = 0 which is  

determined i n  t h e  u n i t  square by t h e  boundary cond i t ions  

t Y 

u(x,O,t)  = 0, 
2 2 u (y ,o , t )  = 10  , u ( x , l , t )  = 10 , u ( l , y , t )  = 0. For v = 0, t h e  s o l u t i o n  

The da ta  presented i n  F igure7a  i l l u s t r a t e s  s o l u t i o n  va lues  obtained 

when Ax = Ay = 0.1 f o r  v = and Figure 7b desc r ibes  r e s u l t s  

when Ax = 0.1, Ay = 0.05 f o r  v = 10 and v = 10 . The o s c i l l a t i o n s  

ev ident  behind t h e  l i m i t i n g  (v = 0 )  d i s c o n t i n u i t y  i n  Figure 6 r e f l e c t  t h e  

-2 -3 

t y p i c a l  behaviour of a second order  method a t  a d i s c o n t i n u i t y  unless  t h e  

mesh is  adjusted accordingly.  

CONCLUDING REMARKS 

This  paper has  descr ibed r e l a t e d  i m p l i c i t  d i f f e r e n c e  schemes f o r  

t r e a t i n g  hyperbolic systems of equat ions and t h e  s c a l a r  convect ive d i f f u s i o n  

equat ion  both of which sha re  a common approximation r a t i o n a l e  as w e l l  as a 

common so lu t ion  technique. Numerical evidence i n d i c a t e s  t h a t  both schemes 

can be employed t o  t rea t  nonl inear  problems. The accuracy of approximation 

t o  t h e  d i s s i p a t i v e  hyperbol ic  problem i s  p ropor t iona l  t o  an a r t i f i c i a l  d i f -  

fu s ion  parameter E whi le  t h e  approx imt ion  t o  t h e  convect ive-diffusion i s  

second order  accurate  and i s  independent of t he  va lue  of t h e  l o c a l  c e l l  Reynolds 

number. 

c o e f f i c i e n t s  are  cons tan t .  

For both schemes convent ional  energy estimates are a v a i l a b l e  when the  
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APPENDIX A 

. 

The Underlying Approximation Method 

The schemes descr ibed i n  t h i s  paper have t h e i r  o r i g i n  i n  a common 

approximation method which w e  descr ibe f o r  one space dimension. 

Divide t h e  fundamental so lu t ion  domain D 0 < x < 1, 0 < t < T 
n uniformly i n t o  M * N  r ec t angu la r  cells  each of area A x A t .  If ri is 

a t y p i c a l  cel l  wi th  c e n t e r  po in t  (xi,tn) l@t ai++, T~ denote i t s  n nk+ 

vertical  and h o r i z o n t a l  s i d e s  as indicated i n  Figure 7. 

an 1-6 

n-3 
i T 

Figure 7 

There are thus a t o t a l  of (M+ l)N + (N+ l ) M  s i d e s  of which 2(M+ N) l i e  

on t h e  boundary of D and 2MN - ( M + N )  l i e  i n t e r i o r  t o  D. 

n Consider f i r s t  t h e  equation Ut  + AUx = 0. I f  U y f t  and U .  are lt* 

of rn then t h e  MN condi t ions i 
t h e  average va lues  of U on t h e  sides T:'*, (Syk* 

w i l l  imply t h a t  Gauss' theorem holds on the  union of any contiguous set 

of cells .  Suppose now t h a t  t h e  global s o l u t i o n  is  approximated by func t ions  

which are s o l u t i o n s  of t h e  l i n e a r  d i f f e r e n t i a l  equat ion i n  each c e l l  each of 

which depends, say, upon a parameters, i .e . ,  i f  $c are 

l i n e a r l y  independent s o l u t i o n s  i n  a ce l l ,  w e  l e t  
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a 
u = &ei. 

i= 1 

I f  a = 2 t h e  mixed ini t ia l -boundary value problem (1) may be 

approximated a s  fol lows ( c . f .  Rose [14]): set @ = I, g2 = ( X I -  tA); 

then t h e  parameters gl, g2 

four  average values Ui and UikB a s soc ia t ed  with t h e  s i d e s  of 

T Elimination of t he  parameters y i e l d s  two r e l a t i o n s h i p s  between 

t h e s e  va lues  one of which is  expressed by ( A . l )  and t h e  o t h e r  by 

-1 

w i l l  be  determined by any two of t h e  

n?+ n 

n 
i' 

There thus  r e s u l t  2MN cond i t ions  f o r  t h e  2MN + ( M + N )  average 

values .  By imposing t h e  boundary and i n i t i a l  condi t ions i n  (1) a 

determined system of equations r e s u l t s .  

use  of a n  energy argument, when A i s  symmetric and constant  t h i s  

approximation method converges i n  an L2 norm f o r  smooth s o l u t i o n s .  

I f ,  more gene ra l ly ,  w e  consider t h e  conservat ion equat ion 

A s  w e  have shown through t h e  

U t  + F (u) = 0, Gauss' theorem r e q u i r e s  t h a t  
X 

n n are average f l u x  values  on t h e  s i d e s  of 0 .  of ITi. F; l?* 
where now 

L e t  A = gradF and consider t h e  fol lowing problem: cons t ruc t  a s o l u t i o n  

U(x,t:Ty) i n  each a l l  c e l l  depending upon two parameters such t h a t  

n n U(x, t : r  ) y ie lds  t h e  same average values  of t h e  f l u x  va lues  F.+.l and 
i 1- z 

t h e  same average values  Uy" as the  s o l u t i o n  i t s e l f .  I f  

n n then A% (a:ni) = g2 = Fi where iX(u:nn)  i n d i c a t e s  t h e  average va lues  
1 x  1 
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. 

. 

c a l c u l a t e d  on t h e  s i d e  0. The r e s u l t  of expressing c1 and c i n  t e r n  
-2 

n of LJ;", Fikf i s  then 

Equations (A.4) and (A.5) obviously state (A.l) and (A.2) i n  a more g e n e r a l  

form. I n  numerical experiments conducted i n  t h i s  s tudy w e  found no advantage 

i n  using (A.4) and (A.5) i n s t ead  of (A.1) t oge the r  w i th  t h e  d i s s i p a t i v e  modi- 

f i c a t i o n  of (A.2) descr ibed i n  (1.2). The numerical r e s u l t s  presented i n  

P a r t  I i n d i c a t e  t h a t  t h e  d i s s i p a t i v e  scheme based upon (1.2)  appears  t o  pro- 

v i d e  a c c u r a t e  approximations t o  nonlinear conservation l a w s .  

For t h e  scalar equat ion u t +  au - wu = 0 similar arguments 
X xx 

show t h a t ,  i f  v = u then 
X' 

(A.  4 )  
n n n 6,ui + aGxui - ~ 6 ~ v ~  = 0, 

i 

expresses  Gauss' theorem i n  terms of t h e  boundary d a t a  of cells .  

i n g  ( X . 2 )  with 2 = 3 and t h e  elementary s o l u t i o n s  

Employ- 

(A. 5 )  

an e l imina t ion  of parameters y i e lds  t h e  scheme (2.5) (1-dimension) which i s  

a determined a lgeb ra i c  system under t h e  given init ial-boundary values .  Again, 

t h e  energy argument given earlier e s t a b l i s h e s  t h e  convergence of t h i s  approxi- 

mation scheme when a is  constant. 

50th schemes employ an approximation b a s i s  which c o n s i s t s  of wave solu- 

t i o n s  of t h e  form 
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where y is  t h e  wave v e l o c i t y .  I n  the  hyperbolic case y = A and t h e  

polynomial basis  

For t h e  convective-diffusion equation t h e  d i s p e r s i o n  r e l a t i o n s h i p  

y = a - vB holds. I n  a d d i t i o n  t o  t h e  polynomial s o l u t i o n s  ( 1 , x - a t )  

t h e  func t ion  exp(ax/v) provides  another  l i n e a r l y  independent s o l u t i o n  

f o r  which y = 0 when B = a h .  The b a s i s  (1, exp(ax/v)) i s  composed 

of s o l u t i o n s  of t h e  s t eady- s t a t e  equation au - uuxx = 0 and t h e  method 

descr ibed above can be used t o  d i r e c t l y  provide a d i f f e r e n c e  scheme f o r  

t h e  time-independent problem. The r e s u l t  is  descr ibed by t h e  two equat ions 

(2.5a) and (2.5b) i n  which t h e  term Gtui is set equa l  t o  zero.  For t h e  

time-independent problem t h i s  same b a s i s  can be used t o  cons t ruc t  a Green's 

func t ion  on each overlapping s u b i n t e r v a l  [ X ~ - ~ , X ~ + ~ ]  having i t s  s i n g u l a r i t y  

a t  x = x  x < x  < x  a technique which l eads  t o  a p o s i t i v e  d e f i n i t e  

t r i d i a g o n a l  d i f f e rence  scheme f o r  Sturm-Liouville problems as shown i n  Rose 

[ 1 2 ] .  

appl ied t o  similar s i n g u l a r  p e r t u r b a t i o n  problems which arise from steady- 

state problems ( f o r  example, c . f .  Berger, e t  a l .  [l], El-Mistikawy and Werle 

[3] ,  I l ' i n  [8], Rose [13]). In  t h i s  sense the  methods descr ibed i n  t h i s  

paper appear t o  provide t h e  appropr i a t e  ex ten t ion  of such Green's func t ion  

techniques t o  time-dependent problems. 

( 1 , x I - t A )  r e s u l t s  by s e t t i n g  G1 = $(O,A), $2 = $ B ( O , A ) .  

X 

n 

i' i-1 i i+l' 

An equivalent po in t  of view has been independently developed and 

For t h e  convective-diffusion equat ion a polynomial approximation b a s i s  

a l s o  r e s u l t s  by t ak ing  
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. 

The d i f f e r e n c e  scheme which i s  the  consequence may be obtained from (11.3) 

by s e t t i n g  q = 0. 

t o  provide an  accu ra t e  approximation only when t h e  c e l l  Reynolds number 

1 0 1  is s m a l l .  

I n  view of earlier remarks t h i s  b a s i s  can be expected 
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